Abstract: Von Kármán originally deduced his spectrum of wind speed fluctuation based on the Stockes-Navier equation. That derivation, however, is insufficient to exhibit the fractal information of time series, such as wind velocity fluctuation. This paper gives a novel derivation of the von Kármán spectrum based on fractional Langevin equation, aiming at establishing the relationship between the conventional von Kármán spectrum and fractal dimension. Thus, the present results imply that a time series that follows the von Kármán spectrum can be taken as a specifically fractional Ornstein-Uhlenbeck process with the fractal dimension 5/3, providing a new view of the famous spectrum of von Kármán's from the point of view of fractals. More importantly, that also implies a novel relationship between two famous spectra in fluid mechanics, namely, the Kolmogorov's spectrum and the von Kár-mán's. Consequently, the paper may yet be useful in practice, such as ocean engineering and shipbuilding.
Introduction
The power spectral density (PSD) functions introduced by von Kármán [1] , known as the von Kármán spectra (VKS), have been widely used in diverse fields, ranging from turbulence to acoustic wave propagation in random media, see e.g., Goedecke et al. [2] and the references therein. Among the von Kármán spectra, the spectrum (VKSW for short) expressed in (1) is particularly useful in the field of wind engineering for the modeling of wind speed fluctuaMing Li: Ocean College, Zhejiang University, Yuhangtang Rd. 866, Hangzhou 310058, China; Email: ming_lihk@yahoo.com; mli15@zju.edu.cn Jianxing Leng: Ocean College, Zhejiang University, Yuhangtang Rd. 866, Hangzhou 310058, China; Email: jxleng@zju.edu.cn tion, see e.g., [3] [4] [5] [6] [7] [8] [9] [10] [11] , Svon (f ) = 4u 2 f bvw f (1 + 70.8w 2 ) 5/6 , w = fL
where f is frequency (Hz), L x u is turbulence integral scale, U is mean speed, u f is friction velocity (ms −1 ), bv is friction velocity coefficient such that the variance of wind speed σ
f . Note that von Kármán based derivation (1) on StockesNavier equation [1] . However, that spectrum does not originally relate to the concept of fractal dimension that is crucial to characterizing fluctuations from the point of current view of fractals. As a matter of fact, reports regarding turbulence's fractal dimensions that are derived directly based on the Stockes-Navier equation are rarely seen as Gaoan stated in [12, p. 55] . In this paper, we propose a rigorous but concise derivation of (1) based on the fractional Langevin equation. The present result is not only an alternative derivation of (1), but also provides a new outlook of (1) from the point of view of fractal time series. We shall show that the process that follows (1) is actually in the class of fractional Ornstein-Uhlenbeck (OU) processes and it has the fractal dimension 5/3.
The rest of the paper is organized as follows. In Section 2, the preliminaries are briefed. In Section 3, we shall give the derivation of (1). Discussions are in Section 4, which is followed by conclusions.
Preliminaries
Let v > 0 and f (t) be a piecewise continuous on (0, ∞) and integrable on any finite subinterval of [0, ∞). Then, for t > 0, we call 0 D −v t the Riemann-Liouville integral operator of order v [13, , p. 45] . It is given by
where Γ is the Gamma function. For simplicity, we write 
where w(t) is the standard white noise. 
In the discrete case, the transfer function is expressed in z domain by (Ortigueira [15] )
Substitute the inverse Laplace transform and the inverse z transform respectively by L −1 and Z −1 . Then, the impulse response of the filter expressed by (3) in the continuous and discrete cases are given by
Without loss of generality, we reduce (3) by letting
Consequently, (4) and (5) are reduced to
and
The response to the system in the zero initial state is expressed by
where * implies the operation of convolution [16] [17] [18] [19] [20] . In the discrete case, one has
]︀ , and
, respectively, where F is the operator of the Fourier transform. Then, according to the convolution theorem, we have
Substitute the PSDs of y(t) and w(t) respectively by Syy(f ) and Sww(f ). Let w(t) be the normalized white noise. Then, Sww(f ) = 1. Therefore, we have
where
Derivation
For simplicity in discussions and without generality losing, we replace w in (1) by 
The Langevin equation is expressed by
where λ is a positive constant, see e.g., Coffey et al. [21] . Its solution is the Ornstein-Uhlenbeck (OU) process. On the other side, the fractional Langevin equation with the coefficient A is given by
Consequently, its solution is the fractional OU process (Lim and Muniandy [22] ). Denote g fOU (t) the impulse response function of the system expressed by Eq. (19) . Then, it is the solution to the following equation with zero initial conditions
where δ(t) is the Dirac-δ function. Doing the Fourier transforms on the both sides on the above equation yields
where G fOU (f ) is the Fourier transform of g fOU (t). Let Sy fOU (f ) be the PSD of y fOU (t). According to (13) , therefore, Sy fOU (f ) is given by
Thus, we have the Theorem below. Theorem: Let X vk (t) be the random function that obeys VKSW (Eq. (1) or (15)). Then, X vk (t) is governed by the fractional Langevin equation of order 5/6, given by
Its solution in frequency domain is given by
Proof: Replacing A, λ and β in (19) with √︀ A vk , B vk and 5/6, respectively, yields (23) . Substituting A, λ and β in (22) with √︀ A vk , B vk and 5/6, respectively, produces (24) . Thus, Theorem results.
For the purpose of exhibiting the solution in time domain, a lemma is given first.
Lemma: The inverse Fourier transform of
where Corollary: Denote r vk (τ) the ACF of X vk (t). Then the solution to (23) in time domain is given by
where K 1/3 (·) is the modified Bessel function of second kind Kv(z) for v = 1/3. Proof : Note that 
where α ≠ −1, −3, . . .. Since
we have
The fractal dimension of a process can be determined by its ACF for τ → 0 (Hall and Roy [26] ). Thus,
Thus, with the probability one [26] , the fractal dimension of the von Kármán process is given by
Note that S vk (f ) is convergent at f = 0. Thus, the von Kármán process is short-range dependent (SRD). Nevertheless, it is a type of fractal time series (Li [27] ). Denote the fractal dimension of a sample path by D. Then,
see e.g., Mandelbrot [28] , Beran [29] . Since a high value of fractal dimension of a sample path implies a high irregularity of that path [30] [31] [32] , the value of D vk = 5/3 means that the von Kármán process has considerable local irregularity although it is SRD. In the end of this section, we mention that VKSW follows the Kolmogorov's −5/3 law described in Kolmogorov [33] when f → ∞, as can be seen from (28) . As a matter of fact, it approximately obeys the Kolmogorov's −5/3 law if B vk << f from a view of engineering. Therefore, this research provides a relationship between the Kolmogorov's spectrum and the von Kármán's from a view of fractal analysis.
Conclusions
We have given the derivation of the von Kármán spectrum of wind speed solely based on the fractional Langevin equation. The results suggest that the process obeying VKSW is in the class of fractional OU processes. The fractal dimension 5/3 of the series following VKSW has been obtained, which implies a considerable local irregularity of the series obeying VKSW. Besides, we have established the relationship of the Kolmogorov's spectrum and the von Kármán's.
